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GENERAL PROBLEM OF THE AIRFLAiTS.* 
By Paul and Mauribe Riohard* 

FIRST PART. 
I 

The formulas hitherto employed for solving the general prob- 
lem of the airplane are inoomplete. They are, in fact, only the 
homogeneity ratios of flight equations and it is as independent 
variables that the quantities related to eaoh other by the laws 
of the strength of materials figure in them. Everything oonoern- 
ing the mutual relations of flight and struoture is therefore a 
closed domain for them. An important, part of the problem is, by 
this very faot, abandoned to empirioism and arbitrary methods. 
Suob are the discussions without logical results, often followed 
by unsuccessful experiments which take the place of the mathemat- 
ically oorreot solution. Henoe the uncertainty in regard to fun- 
damental questions, such as: Thiok wings or thin? What materials 
should be used in any given case? What results can we hope to 
obtain? eto. In reality, the aerodynamio problem is inseparable 
from the mechanical problem and both kinds of equations should 
together constitute the starting point for every airplane project. 
Consequently, the problem is perfectly defined and the solution, 
whioh could formerly be obtained only by groping and in an unoer- 

tain manner, is now obtained mathematically in all ltB general 

* From "Premier Congres International de la navigation Ae'rienne," 
Paris, November, 1921, Vol. I, pp. 34-33. 
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applications. This is what ire have tried to show in the present 
article.' It' will be seen, "by the importance of the problems al- 
ready solved, that if the new equations whioh figure in it are the 
neoeBsary complement of the formulary of the engineer who is de- 
signing an airplane, they cannot be ignored by those who have to 
draw tip the plan of aviation Itself. They enable them to solve 
ordinary formulas without risk of falling into the impossible and 
to see dearly what programs to lay out and how to direot the ef- 
forts of investigators toward points most capable of bringing 
about the desired results. 

H - KIND OF PROBLEMS CONSIDERED .„ 

The problem of the airplane depends on a certain number of 
quantities, the variation of whioh is limited: 

1. By their very nature. Ezample . - A speed or a carrying oa- 
paoity may vary from 0 to infinity. The modulus of elasticity of 
existing substances varies from 0 to some definite value. The ef- 
ficiency of present propellers varies from 0 to N etc. 

2. By the system of airplane equations, whioh cannot be solv- 
ed by every combination.* of values, separately possible, of the 
variables. 

Such being the oase, we can state two kinds of problems. 

All the variables, less one, varying in their whole domain, 
it may happen that the variation of the latter is limited. For 
example, there is a oertain speed whioh it is impossible to exceed 
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iu flight, a carrying oapaoity which can never be surpassod, n*>c. 

Inversely, if a definite value is assigned to one of the rpr- 
i able s, it may happen that the problem has no solution, if the 
other variable b remain in their domain. The study of the condi- 
tions of reality will therefore lead to the determination of what 
progress it would be possible to realize in suoh or suoh bran oh of 
the art In order that a given performance may beoome possible. 

Along with these general problems, there are particular prob- 
lems of no less praotloal interest. If the field of one or more 
of the variables is arbitrarily limited,. what is the correlative 
limitation of the field of another variable? For example, what is 
the maximum speed obtainable with a given oarrying oapaoity, vary- 
ing within given limits? What Is the longest radius of aotion ob- 
tainable with wooden airplanes, etc. ? The solution of these last 
problems determines the materials to be employed in any given oase. 

By way of illustration, we Will enumerate a few problems 
Trhioh -we have studied. 

- The wing seotion and parasite resistance being given, to de- 
termine the maximum oharaoteristios of an airplane. 
I. Military or "reoord" airplanes . 

1. Speed: 

a) Without conditions; 

b) With given oarrying oapaoity. 

3. Altitude: 

a) Without condition; 

b) With given carrying oapaoity. 



II* Samoffigalal alqiaBaa. 

3. Oaxrylng oapaolty: 

a) Without oondition; 

b) With a given speed. 

4. Radius of action: 

a) Without condition; 

b) With a given speed. . 

Ill - GENERAL EQUATIONS. 

Weight of airplane .- The total weight W« of an airplane com- 
prising: 

1. The useful load with its aooompanying "dead weight" whioh 
is proportional to it, or u. 

2. Weight of engine with all that is required for its support 
and operation. This term is proportional to the engine power T 
for a given number of hours of flight. It oan be expressed in 
either of the following forms: 

qT, rT + s, (r + on)T, 

s- being the total quantity of gasoline carried, o the hourly 
consumption and n the number of hours' of flight. 

3. The weight aW (proportional to the total weight W) of 
certain parte, such as the hull of a seaplane, the landing gear of 
an airplane, eto. 

4. Weight of the glider, whioh may be expressed in the form 
AS* 

W 1 j . , W being total weight of airplane, S its area and A 
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a ooeffioiant depending on the kind of construction. Tola formula 
whiohv.is absolutely general for„_1tfw .oell,„raay be written 

p 0 « A (W - p Q ) \ . 

In this form, it expresses the foot that the weight p 0 of 
the oell is proportional to the load W - p 0 for whioh it is oal- 
oulated and to the ratio \ of the linear dimensions. How, in hom- 
othetlo girder s j homologous sections remain the same* the lever 
arms of stresses in the girders being multiplied by the same num- 
ber \ as the lever arm of the loads (W - p 0 ). 

Elements. oaloulated to the point of oollapse show no deroga- 
tion of this law, sinae the seotion required by the compression is 
maintained by modifying its form ao as to give it the necessary 
strength. The law still holds true for oontinuous girders with 
full web (or cross-section), the calculation of which is derived 
from the discontinuous oase by summation or integration; and of 
whioh the multiple supports only have the ef f eot of introducing 
linear combinations of moments. All these propositions have been 
verified in detail. 

5. The weight of the elevator p q varies aooording to the 
same law. Anyway, since the weight p is either added or sub- 
traoted aooording to the direction of the stress, it is more exact 
to write pq » Bs£kW. Slnoe the part of the fuselage whioh sup- 
ports the tall is expressed in this same form, it may be inoluded 
in the coefficient B. 

6. Weight of oovering, which is proportional to S. By sum- 
ming up, we obtain 



Experience baa shown that (save fox exceptional oases , for 
- example, that of a very heavy metal covering) the terms 8% and S 
may be inoluded in the principal term, with the aid of a suitable 
modlf Aaation of the coefficient A. The resulting error may reach 
3.5$ for a surface variation of 5 square meters in 10000. The 

final formula is therefore 



ct j u and p being constant coefficients varying from one polar 
to another. 

FttnflflmflTllral fftrnrilft? - The following are the fundamental for- 
mulae employed: 




IV - POLARS OF THE WINGS. 



It is found that all the important wing polar a may be repre- 
sented with an approximation superior to that of the experiments 
which served to establish them by a formula of the form 



K x = a * p. (Ky - p) B 



(1) 




(3) 




(3) 



w 




(4) ( U p 8 +f + ct) w'n 3 
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The first Is the equation of weight. 

The second defines, in terms of the speed V, the surface 
area S and the power T, a variable ft which it is convenient 
to consider. 

The third Is the usual equation for the ceiling. 

The fourth (in whioh J[ is the coefficient of fineness, W 
the ratio y of the densities, t the iatio of the absolute 
temperatures and p the average propeller efficiency) is only the 
equation of the polar already mentioned expressed in terms of the 
variable ft . 

SECOND PART. 

I " MAXIMUM SPEED. 
Restricted Problem . 

The ceiling is given, i.e. the value of d and the useful 
load u. Under these conditions, equation (4) glveB the value of 
ft immediately. 

By eliminating W and T in equations (1), (8), and (3), we 
obtain 

f (s,v) . dJ v- (jj -*) - q V 8 - - 0 

in whioh y = ^, z = 1 +. AS^ 

which by the elimination of V between, it and its derivative in 
z brings us to , the equation 



with 




from whioh is derived the value of the surface area neoessary to 
obtain the maximum speed. The equation f (z l v) = 0 then gives 
this speed and the other variables are derived from it: I from 
equation (3) and W. from equation (3). The characteristics of 
an airplane of maximum speed are thus perfectly determined. 

General Problem. 

The discussion of the preceding equations shows that . the. max- 
imum speed is a decreasing function of u and of q. Eenoe for 
the maximum speed, an airplane must carry only its pilot, be equip- 
ped with the lightest possible engine per HP and oarry only suffi- 
cient fuel for accomplishing the required performance. 

There remains to be determined in terms of Cl. The 

equations 

fl* Cs " a ) * q V ~ ( g - i) a " 0 

and ■ 

■ 1 T / P ?5t a ~ ^ fl 
give, by the elimination of -^s 

of e+ A^-'-« 1+s£- rf H o 
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By eliminating Q between this equation and the derived equa- 
tion in fl,. .we. obtain .„ 



with 



from whloh Is obtained the value of V whloh gives the general 
solution of the problem. 

-II - MAXIMUM ALTITUDE. 
General Problem . 

Formulas (1) and (3) , by the elimination of W, give 

d^ T° (a - ~^—%) + qT + u = 0 

v 1 + A8~ ' 

in whloh the variables are separated. The conditions for the naz- 

qT + u 

3 mum of d are only those for the mlnlTtniTn of — ^ and for the 

maximum of ffl ( a ^ that Is, T « & .. and 

> 1 + AS* ' * 

2c.a A s s + A(l + 4 a) 8^ + 3(a - l) = 0 whenoe the solution of the 

3 1 m. qT + u 

problem. The minimum — j- us qs of the funotion — _A" 

3aT ^ ■ 

being lower Just in proportion as u end q are smaller, we take 
for u the weight of the pilot and a value of q corresponding 
to the lightest engine and the exaot amount of gasoline required 
for accomplishing the performance. 



I 
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Restrloted Problem. 
-(Maximum .altitude f ox. a given speed. ) 

Formula (4) give? d"^ In ternm of Q. 

ddJI- 

The derivative ^j-gp made equal to 0, gives ■ 

' witli , 

Jne value of CI gives that of d by formula (4) and the problem 
is then solved without diff ioulty. 

Ill - MAXIMUM USEFUL LOAD. 

general Problem. 

The derivation of equation (l), whioh oombines the weights 
(or loads)! gives for ^™ = 0, the equation 

3aA°S + (4aA + A)S^ + 3(a - l) = 0 
and for H « 0 ^ - 3, 

whioh are the equations intervening in the problem of the absolute 
maximum ceiling. 

i 

I Restrioted Problem . 

I (Maximum useful load for a given speed. ) 

i 

\ If d is given euoh a value that the airplane aan fly, eq.ua- 

i 

i i 
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tion (4) immediately gives the value of 0. This being the case, 
equation (l), in whioh W has been eliminated by the aid of formu- 
la (3) and T with the aid of formula (3), will assume the fol- 
lowing f oxm 



d!" v 
with 

V 1 qv 

y » "ft z = 1 + AS? o ss a + -Jj 

The annulment of the derivative f ' gives the equation 

2oz a -z-l«=0 

whenoe 1 < 

1 + Jl + 80 
Z = ■ 4o . 

The determination of the other characteristics than presents no 
difficulty. 

• ■ 

IV - HAXIiaUM RADIUS OF ACTION. 

The differential dL of the radius of action is given by the 
formula 

dL.fM 
B w 

B being the fineness. If the latter is oonstant, whioh corres- 
ponds to the absolute maximum radius of aotion for flight at the 
ongle of minimum power, the ±^-*.fcTation leads without difficulty 
\;o the classio form 

L - "oT3 log t— tj; 

. M o 
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If, on the oontrary, it la desired to lind the maximum radi- 
us of action at the maximum speed, the fineness becomes variable 
and the radius of aotion is obtained as follows: 

We have: 

L = J V d t = f VdW . 
to 0 < 

o being the total consumption in kg/sec Furthermore, the elimi- 
nation of d^ and ft in formulas (3), (3) and (4) leads to the 
equation 



an equation of the second degree in which renders it possible 
to calculate W and dW in terms of V and dV. The expression 
for radius of aotioa then takes the form 



/ ( °) 

C EL 

M-S H 

which, after integration, beoomes 



y?' 

to be taken' between the limits £\ and 0 0 and where 
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QeneraA Problem. 
One flies at the angle of least power. 

The term Q.T being put in the form rT + a, equation (1) 

gives 

a 1 a u + rT 

mmm mm mmmmmm n^^m mm flL mm «^ —mmm 

W 1 + AS . W 
By derivation and by annulment of the two derivatives 



df d£ 

mmmmmmm 



and — n , we obtain 
d T d 8 



T = ~ and 3>|rA a x*-3Ax B +4AT|rx"+3V«0 



3u 

in whioh 

IFtI 

These equations solve the problem. 



. ' xl.+ rT _i 



Mssinaa 3Efldjaa of notion for flight at a given 
flJBflfld and for a. glvnn "lmbal 3 anting. n 

TF.( n ) is the expression for the radius of action. 

Now, depends only on the polar and d, whioh is Itself a 

funotion of W. If W beoomes T)W, d beoomes ti 3 d. If there- 

W— s 

fore the value of the expression -yf~ = t] is kn to, Cl 0 and . fij are 
also known. It follows that the result of the integration, the 
polar being given, depends only oh i\ and, for a given tj, the 
maximum radius of aotion V will be given by the marl mum of T. 
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We arrive at the equation 

, ... . ..3.T|P;.A n 5 .+. (l + 4.n?')A$f - 3(1 - TJ>) = 0 

with 

1 a + 1 - IT? * t|« 

* 

A table of the mart ma for different values of ^ has been 
prepared, which gives the value of the absolute maximum. 

V MAXIMUM SPEED WITH ~ - a + § T. 

S . . s 

As an example of a oase in whioh it may be of interest to 

throw off the general restrictions Imposed at the beginning, we 

have added this problem, whioh relates to airplanes of small wing 

surface j in whioh the largest cross-section of the engine oannot 

a 

be diminished so as to maintain a o on at ant — . 

8 

Equation (4) of the polar is converted into 

. f ( n ) « an 3 - fjv 3 + t p 75 - (if"jyP c ^ f dCJ " 

■ 

The annulment of the derivative 'f'(fl) gives 

3(a - a- e»n)fl% 3l V ld * n' HfL-O 

v?henoe the value of 0 and of V n. 
If the condition of reality 

( z - if (1 - az) 3 37 A* q" 

rs = -r- u — ~- 

z 4 d 

■ * 

is fulfilled, the equation 



' - is -' 

■ 

^v»(i- ft )-^-.Tr^r=° 

.gives z in terms of v end the -problem is solved without diff- 
oulty. 

CONCLUSIOU. 

The results are presented in the form of tables with multi- 
ple entries whioh are divided into a oertain number of tables with 
double entry. 

Lack of spaoe prevents us from giving examples and insisting 
on the numerous analytical and nomo graphics methods, whioh have 
made it possible to establish them In the simplest manner. Taken 
together, they oonstltute the general solution of the problem of 
aviation. 



